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We apply the nonstandard loop quantum cosmology method to quantize a flat Friedmann- 
Robertson- Walker cosmological model with a free scalar field and the cosmological constant A > 0. 
Modification of the Hamiltonian in terms of loop geometry parametrized by a length A introduces 
a scale dependence of the model. The spectrum of the volume operator is discrete and depends on 
A. Relating quantum of the volume with an elementary lattice cell leads to an explicit dependence 
of A on A. Based on this assumption, we investigate the possibility of interpreting A as a running 
constant. 



I. INTRODUCTION 

The cosmological observations, interpreted in terms of 
the Friedmann-Robertson- Walker (FRW) model, suggest 
that the Universe underwent an accelerated expansion 
at least twice in its history. The first one is called the 
cosmic inflation and it is specific to the very early Uni- 
verse The second one is the presently observed dark 
energy domination area [2(]. In both cases the evolution 
can be explained, to some extent, by a constant or nearly- 
constant contribution to the energy density modeled by 
the so-called cosmological constant A. In gravitational 
physics one usually treats A as a constant, like Newton's 
constant G, that cannot be derived from first principles 
Q. In cosmology one usually calls A, in the case of FRW 
model, the simplest model of dark energy Q and one 
tries to find its nature. 

In this paper, we study a possible link between A and 
the discrete structure of space associated with quantum 
theories of gravity. Loop quantum cosmology (LQC) is 
a suitable framework to address this issue. In particular, 
we quantize the space volume function to find the relation 
between A and the length A specifying loop geometry 
underlying LQC. In what follows, we consider a flat FRW 
model with the cosmological constant and a free scalar 
field. 

In standard LQC one applies the Dirac quantization 
method [3, [E| , which postpones solution of the Hamilto- 
nian constraints to the quantum level. In the nonstan- 
dard LQC one solves constraints already at the classical 
level and quantization is carried out on the physical phase 
space. It is called the reduced phase space quantization 
method. This approach has been successfully applied to 
the FRW [10] and the Bianchi I HQ models with a free 
scalar field. Recently, the constraints for the FRW model 
with a free scalar field and the cosmological constant have 
been solved too The physical observables like the 



volume and the energy density of matter field have been 
analyzed, for both positive and negative A, at the classi- 
cal level. In what follows we present quantization of the 
volume observable for the case of A > 0. 



II. HAMILTONIAN 

The Hamiltonian of the model mod ified by the holon- 
omy around a loop takes the form [ToL llllj 
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where reminds that the Hamiltonian is a constraint 
of the system, 7 is the Barbero-Immirzi parameter, G 
is Newton's constant, is the conjugate momentum 
of the scalar field qb, N is the lapse function, h^. = 
hihj(hi)~~ 1 (hj)~ 1 is the holonomy around the square loop 
Oij, hi = cos (A/3/2) I + 2 sin (A/3/2) r, is the holonomy 
in the i-th direction, and where r» = —h^i {°~i are 
the Pauli matrices). The variable v is the volume of 
a piece of space V C M 3 (we assume that the space- 
like part of spacetime has R 3 topology) defined as fol- 
lows: v = j v dx\dx2dx3\/ det q a b, where q a bdx a dx h := 
a 2 (dxl + dx\ + dx\) defines the FRW metric (a is the 
scale factor). The variable f3 is related with the Hub- 
ble parameter. The variable A, having the dimension of 
a length, is a free parameter of the theory |l2j. The 
Hamiltonian ([1]) may be seen as the lattice discretized 
version of the classical expression, where A plays the role 
of a lattice constant and A 3 is the volume of an elemen- 
tary cubic cell. While A — > 0, the nonmodified general 
relativity Hamiltonian is recovered. 

In LQC the gravitational degrees of freedom are rep- 
resented by holonomies and fluxes. A holonomy used 
in LQC is a connection integrated along spatial elemen- 
tary loop. Making use of holonomies enables, roughly 
speaking, the resolution of the cosmological singularity 
problem Q. Thus, they are of primary importance. In 



the flat FRW model it is enough to use one holonomy 
parametrized by A. Equation ([TJ does not define, in the 
nonstandard LQC 0, 0| , an effective semiclassical Hamil- 
tonian, but a classical modified Hamiltonian. The mod- 
ification is specified by the value of A. The bigger A, 
the bigger the smearing of the holonomy variable in the 
Hamiltonian (fTJ). Because of the form of (pTJ) , we propose 
to interpret A to be a coupling constant depending on the 
smearing A. We promote this interpretation in Sec. VI 
to relate A with A. 

The kinematical phase space is parametrized by four 
canonical variables {v, P,p^,<j>). The imposition of con- 
straint ([1]) leads to the physical phase space parametrized 
by two elementary observables 0\ and 02, satisfying the 
algebra {02, 0i} = 1. The dynamics of the model is 
traced by the scalar field <j> which plays the role of an 
intrinsic time (see, [Toj for more details). 
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FIG. 1: Evolution of volume v as a function of the parameter 
u. The function is periodic in variable u with the period 
equal to 2K. The solutions in different periods are separated 
by vertical asymptotes. 



III. OBSERVABLES 

It is shown in 10] that the elementary observables of 
our model are 



Oi = v<t>, 
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Here F(-\-) is the Jacobi elliptic function of the first kind, 
and S := ^A^X 2 . For this model the allowed values of 
the parameter 5 are in the set [0,1]. The lower limit 
correspond to A = case while the upper limit is the 
dynamically allowed value corresponding to A = -j^a =: 
A c (see, [lH for more details). 

An expression for the volume function reads [Io| 
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and where K := F(%/2 |1 — 1/(5). Function sn(-|-) is the 
elliptic sinus function defined as sn(u|m) := sinam(u|m), 
where am(u|m) := F (u\m) is the amplitude of the F 
elliptic function. We have also used here a definition of 
the critical energy density. In Fig. [T]we plot an evolution 
of the volume given byEq. g]). 



IV. QUANTIZATION 

Quantization of the system follows the method pre- 
sented in [7|. We choose the Schrodinger representation 
for the classical algebra {02, Oi} = 1 in the form 



2 ip(x) := xip{x), (6) 



where tp € L 2 



so we get 
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tion of w may be done in a standard way as follows 
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We are looking for the solution to the eigenvalue prob- 
lem of the operator w 

w ip b (x) = bip b (x), 6eR. (9) 

This leads to the equation for eigenfunctions in the form 
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A general solution to this equation reads 
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tjjb(u) — ipa^l sn ( u 
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and where the elliptic functions are defined as fol- 
lows: cn(u|m) = cosam(u|m), and dn(u|m) = 
\/l — m sn 2 (w|m). The normalization condition for the 
eigenfunctions reads 
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We integrate over one period of evolution as other periods 
correspond to the same model of the universe [l(J. Thus, 
the normalization factor is found to be 



^ arctan (^J | — lj 
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To find an orthonormal set of eigenfunctions, we calculate 
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V. QUANTA OF VOLUME 

The orthogonality condition (ipb\^a) = leads to 

b = a + mA s , set, meZ, (16) 

where 

tt/2 
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Therefore, the eigenvalues of v, due to ((4|), are: c = |a + 
m A^|. Thus, the spectrum is discrete, which is of a basic 
importance for the rest our paper. 

The space J- a :— { ipb \ b = a + m As; m € 
Z; £> e K } is orthonormal. Each subspace .F C L 2 (R) 
spans a prc-Hilbcrt space. The completion of D a (w) :— 
span F a , Va e M, leads to L 2 (R). One may prove (in 
analogy to the corresponding proof in [jj) that the oper- 
ator w is essentially self-adjoint on D a (w), Va G M. 

The expression (1171) specifies the minimum gap in the 
spectrum of the volume operator (for a — 0) in terms 
of the cosmological constant A so it defines a quan- 
tum of the volume. It is interesting to examine the 
limit when 6 — > (A — > 0). Because of the rela- 
tion lim,5^o+ arctan yj | — 1 = |, we get lim 5 _ +0 + A<5 = 
SttGjXH = : A. This is precisely an expression that has 
been found earlier 0] in the case A = 0, which proves 
the consistency of our results. While approaching 8 1 
(A — > A c ) we find that As —> oo. 

In Fig. [5] we plot the ratio As /A as a function of 6. 
One may easily verify that for 5—^0 we have 
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FIG. 2: Ratio As /A as a function of S (black line). We see 
that lim,5_>o Aa/ A = 1 as well as hmg-tiAg/A = oo. The 
(red) dot represents the case with A = 0. 



(15) 

whereas for S — > 1 we get 
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These approximations are also plotted in Fig. [5] The 
dashed (red) line is an approximation flTBl while dotted 
(blue) line is an approximation (|T9")) . 

It is instructive to check the value of As in the ob- 
served Universe. The cosmological constant A can be 
related with the observed dark energy, which dominates 
the energy density of the Universe. In this case one can 
rewrite the definition of 6 parameter in the form 
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where J7a is the fractional density of the cosmologi- 
cal constant, and Ho is the present value of the Hub- 
ble parameter. The five years of observations of the 
WMAP satellite yield fJ A = 0.742 ± 0.030 and H = 
71.9±|:7 km s" 1 Mpc" 1 [3. Assuming that A = l Pl , 
where Ipi is the Planck length and 7 = 0.2375 [l5| . we 
find 



5 = 6.6-10" 



(21) 



Because this value is extremely small, the value of As 
with the high precision overlaps with A, obtained in the 
A = limit. Therefore As = Sir-flp^ where we have 
assumed A = Ipi, as previously. With 7 = 0.2375, the 
quanta of volume takes a value As « 6 vp\, where vp\ := 
l Pl is a Planck volume. 



VI. RUNNING OF A? 

We propose to relate the quantum of the volume As, 
defined by (|17[) . with the volume A 3 of an elementary 
lattice cell as follows 



A , 
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which leads to the equation 

A 2 = 87n4 , 77/2 . (23) 

arctan \ / i — 1 



Because < arctan Jj — 1 < 7r/2, it is clear that 

A € [A ,oo[, where A := y/87ry Zpj. Therefore (|23| leads 
to the constraint on the value of A from below. The 
minimum value Ao corresponds to the case A = 0. 

Equation (|22|) is analogous to the equation postulated 
in standard LQC for the determination of the minimum 
length of a loop along which the holonomy is defined. 
One requires that the area of the minimum loop in LQC 
equals the smallest nonzero eigenvalue of the area oper- 
ator of loop quantum gravity (LQG) (see, e.g. 0, [l6j]). 
However, in our case we make the postulate at the phys- 
ical sector of LQC, contrary to the case of [l6| where one 
compares the corresponding quantities from LQC and 
LQG in the kinematical sector of both theories. 

Equation (1231) can be inverted into the form 

A = A c cos 2 (||), (24) 

where A € [Ao , oo [ as shown previously. This way we 
have turned the cosmological constant A into a variable 
cosmological constant, a function depending explicitly on 
A. 

One may treat the relation (f2"4"|) as an analogue of the 
expression for the vacuum energy obtained within the 
framework of quantum field theory. Namely, the vac- 
uum energy may be estimated by summing up energies 
of the zero modes down to some cut-off length scale A. 
Therefore, for the cosmological constant interpreted as a 
vacuum energy, one gets 

,1/A 

A = 87r/ P1/ o vac ~ Zpi(rib — 2nf) / k 3 dk 

Jo 

= ( nh -2n f )^-. (25) 
4A 4 

Here, rib and rif is the number of bosons and fermions, 
respectively. The value of cosmological constant is explic- 
itly expressed in terms of some minimal length scale A. 
Substitution A ~ lp\ leads however to the known problem 
of the large vale of cosmological constant, A ~ m P1 (that 
can be " solved" by imposing the condition of supersym- 
metry rib — 2rif, which leads to p vac = 0). Now, let us 
make use of the relation (|2"4"|) . It is helpful to expand (|2"4")l 
in terms of e := A ~^° , where Ao = y/ETrylpi. So we get 

A=^m Pie 2 (l-5 e + 0( e 2 )). (26) 

We can see that the value of our cosmological constant 
is also proportional to mpj. However, there is additional 
factor e 2 , that can be used to match A with the observed 



value. From the observations we have that « 10 123 , 

™pi 

which leads to e w 10 -63 . The value of A must be there- 
fore very close to Ao in order to reproduce observed value 
of the cosmological constant. Therefore, in contrast to 
the field theoretical approach to A, in our case, the ob- 
served value of A can be obtained for discretization scale 
A « lp\l To examine the relation A = A(A) in more 
details, we introduce the /3— function (it should be not 
confused with the canonical variable j3) as follows 

P(A) :=A^. (27) 

This function is defined in analogy to the /3— function in 
the renormalization group theory (l7| . However, in our 
case, this function is only a tool that we use to visualize 
the scale dependence. We plot the resulting /?— function 
in Fig. EJ 
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FIG. 3: Scale dependence of A. The arrows indicate flow 
from UV (A = Ao) to IR limit (A — s> oo). The dotted part 
of the curve denotes the region of large A (A > Ai) where 
considerations become speculative. In the plot Ao = 2.4 Ipi 
and Ai = 3.8 Ipi. 

One can see that on the very small scale, A grows from 
at the first fixed point Ao, and approaches the maxi- 
mum A ss 2.3m 2 ,] at the second fixed point Ai. In the 
high energy domain (small A) the value of A grows from 
zero to the Planck scale level. While approaching the 
largest scales with growing A, the value of the cosmo- 
logical constant tends to zero again, lim^oo A(A) = 0. 
However, we should keep in mind that as A grows, our 
lattice interpretation becomes less and less justified, and 
it does not make sense as A — > oo. 

Using the above arguing one may suggest that, in a 
sense, cosmological constant can be interpreted as a run- 
ning coupling constant. In such an interpretation, A is 
treated as a scale at which the high energy degrees of 
freedom are integrated. However, systematic verification 
of this suggestion is needed. We believe that our con- 
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siderations give some hints which can stimulate further 
investigations in this direction. 

VII. CONCLUSIONS 

In this paper we present quantization of the FRW 
model with the cosmological constant and the free scalar 
field in the framework of the nonstandard loop quan- 
tum cosmology. We investigate spectral properties of the 
volume operator. We find the eigenfunctions as well as 
corresponding spectrum which is shown to be discrete. 
Based on this, we find an expression for the elementary 
quanta of volume as a function of cosmological constant 
A. In the limit A —> 0, our formula reduces to the ex- 
pression that was found earlier in for the A = case. 

Postulating the relation of the quantum of a space vol- 
ume with the volume of a lattice cell, we express the 
cosmological constant A in terms of A. Based on this we 
suggest that A may play the role of a running constant 
similar to the coupling constant in QCD which decreases 
with increasing energy scale. In the IR limit (where our 
model is little justified), A behaves similarly to the fine 
structure constant in QED. We are conscious that our de- 
pendence of A on A is not a renormalization group flow in 
any standard sense. The renormalization group in quan- 
tum field theory comes from integrating out high energy 
degrees of freedom and requiring that this be compen- 
sated by changes in the coupling constants. We simply 
put forward a hypothesis of interpreting A as a running 
constant to be verified by future studies of the nature of 
the cosmological constant. 

The free parameter A, of the classical level, can be 
restricted after quantization by making use of (|2U)) . As it 
was shown earlier, the lowest allowed value of A equals Ao- 
For this value, the corresponding critical energy density 

Pc(Ao) = « 0.35 m P1 , for 7 = 0.2375 (see, (H). 

This is a bit lower than the value obtained within the 
standard LQC, p c ps 0.82 mpj The value of A c 

3m 2 

at A = A is given by A C (A ) = « 8.9 m P1 , that 

is comparable with the value obtained in the standard 
LQC, A c « 10.3 ?TZpj [3. 

It is clearly seen that we could carry out the analy- 
ses due to an application of LQC method in the reduced 
phase space quantization version. In this approach an 
elementary length A is a free parameter. Such an inter- 
pretation cannot be done within LQC which is based on 
Dirac's quantization with the parameter A having a fixed 



value fljjj ]. 

In the standard LQC an important issue is choosing 
the correct lattice refinement that appears in the context 
of the implementation of the Hamiltonian constraint at 
the quantum level defining an evolution of a quantum 
system. Ignoring this problem leads to serious instabil- 
ities in the continuum semiclassical limit. Addres sing 
properly this issue has required much effort (see, [19i . |20j 
and references therein). The nonstandard LQC is free 
of this problem as the constraint is being solved already 
at the classical level leading to the physical phase space. 
As the result one imposes quantum rules into the system 
without constraints, but with sophisticated phase space. 
An evolution of a quantum system, in our method, is de- 
fined in terms of a self-adjoint so-called true Hamiltonian 
via Stone's theorem [9i. [2l|. 

The refinement is a choice of the scale factor depen- 
dence of the link length for the lattice states. In par- 
ticular, the scaling parameter is considered in the form 
fx cx v n , where n G [—1/3,0]. The case n = cor- 
responds to the so-called old quantization scheme (/zo- 
scheme) which leads to a wrong semiclassical behavior. 
It was shown in Ref. [l3| that for some positive values 
of cosmological A one obtain the oscillatory behavior, 
which is not expected to occur at classical level. The 
case n = —1/3 corresponds to the so-called new quan- 
tization scheme (/I-scheme). In this case an area of the 
loop, Arrjj . , remains constant during an evolution of the 
system. It is so because a cx v 1 ^ 3 and jl oc a -1 oc v -1 / 3 , 
thus Axp 4 . cx a 2 fl 2 = A = const, where A is the area 
gap derived within LQC. In this particular refinement 
an increase of the volume of the Universe is due to the 
formation of the new lattice vertices, while the spin la- 
bels of the spin network remain constant. It was shown 
in Ref. [l9| that this choice is the only lattice refinement 
model with a non ambiguous and correct classical limit. 

Our model applies the /2-scheme (see above) and 
Arp 4 . = A 2 = const, where A is a free parameter. Be- 
cause of this choice the nonstandard and the standard 
LQC give the same predictions at the semiclassical level. 
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